We study how well a real number can be approximated by sums of two or more rational numbers with denominators up to a certain size.
Introduction and Main result
Dirichlet's Theorem on diophantine approximation tells us that we can approximate any real number by rational numbers quite well, namely: Moreover, the above upper bound 1/(qN ) is best possible apart from a scalar multiple when one considers the golden ratio θ = ( √ 5 − 1)/2 (for a proof, one may use Theorem 181 and bottom of page 162 in [2] on certain properties of continued fractions). During his work in [1] , the author accidentally stumbled across the following analogous question: Question 1. For any real θ and any integer N ≥ 1, give an upper bound for min p1,p2,q1,q2∈Z 1≤q1,q2≤N
With the golden ratio in mind, we know that the upper bound can be no 
Proof: For 0 < ∆ < 1/2, let
and
The function g has Fourier expansion g(
where
and e(x) = e 2πix .
We consider
Putting in the Fourier expansion for g, we have
as q p=1 e(hp/q) = q if q divides h; and q p=1 e(hp/q) = 0 otherwise. By setting
′ , the second term in the right hand side of (2) is
Now, by the definition of c(h), for m ≥ 1, Remark Apart from the logarithm, the upper bound in Theorem 2 is sharp for one can consider the case θ = 1 2N 2 . Then
if p 1 /q 1 + p 2 /q 2 = 0, and
Approximation by sums of k rationals
One can easily generalize Theorem 2 to Theorem 3. For any positive integer k, any real number θ and any integer N ≥ 1, there exists integers 1 ≤ q 1 , ..., q k ≤ N , p 1 , ..., p k such that
Note: The upper bound is best possible apart from the logarithms.
Let [n 1 , n 2 , ..., n k ] denote the least common multiple of n 1 , n 2 ,..., n k . We need a ...
Thus, by summing over d {1} , ... d {k} first, the left hand side of (5) is
as we drop some relatively prime conditions and extend the range of summations.
which gives the lemma.
Proof of Theorem 3: It is very similar to that of Theorem 2. We shall point out the key points only. Instead of (1), we consider 
Now, we apply (4) and Lemma 1, and get 
